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I Abstract: In the gauge-invariant construction of abelian chiral gauge theories on the 

lattice based on the Ginsparg- Wilson relation, the gauge anomaly is topological and its 



cohomologically trivial part plays the role of the local counter term. We give a prescription 
to solve the local cohomology problem within a finite lattice by reformulating the Poincare 
lemma so that it holds true on the finite lattice up to exponentially small corrections. We 
then argue that the path-integral measure of Weyl fermions can be constructed directly 
from the quantities defined on the finite lattice. 
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1. Introduction 

Recently it turned out that lattice gauge theory can provide a framework for non-perturbative 
study of chiral gauge theories, despite the well-known problem of the species doubling. The 
clue to this development is the construction of gauge-covariant and local lattice Dirac op- 
erators satisfying the Ginsparg- Wilson relation |2], |j| f|, §|, §], 

l5 D + D l5 = 2aD l5 D. (1.1) 

An explicit solution of the Ginsparg- Wilson relation was derived from the overlap formalism 
based on domain wall fermion and is referred as the overlap Dirac operator. 1 It has made 
possible to realize exact chiral symmetry on the lattice^] and also opened a route to the 

lr The overlap formalism proposed by Narayanan and Neubergerj?], [| |l(j, [ll], [l^, |l^, |l^, gives 
a well-defined partition function of Weyl fermions on the lattice, which nicely reproduces the fermion zero 
mode and the fermion-number violating observables ('t Hooft vertices) Jl7|, Ell [l9| . Through the recent 
re-discovery of the Ginsparg- Wilson relation, the meaning of the overlap formula, especially the locality 
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gauge invariant construction of anomaly- free chiral gauge theories on the lattice) 26, 30, 31 
3|, |3|. 

In the gauge-invariant construction of chiral gauge theories on the lattice, one of the 
crucial steps is to establish the exact cancellation of gauge anomaly at a finite lattice 
spacing. In abelian chiral gauge theories J30|, 34] 2 , it has been achieved through the coho- 



mological classification of the chiral anomaly[29, 36, 37], which is given in terms of lattice 



Dirac operator satisfying the Ginsparg- Wilson relation [28, 38, [3^, fll|, [42|], 

q(x)=tv{ l5 (l-aD){x,x)} (1.2) 
and is a topological field for the admissible lattice gauge fields satisfying the bound 3 



1-P^(x) \\<e, « • ^ (I..:?) 



P^{x) = U(x, fi)U{x + £, v)U{x + v, ^)' l U{x, I/)" 1 . (1.4) 

For an anomaly-free multiplet of Weyl fermions satisfying the anomaly cancellation condi- 
tion of the U(l) charges, 

a 

it has been shown that the chiral anomaly is cohomologically trivial, 

^2e a q a (x) = d*k^(x), q a {x) = q(x)\ , (1.6) 
a 

where kn(x) is a certain gauge-invariant and local current. The cohomologically trivial part 
of the chiral anomaly is then used in the gauge-invariant construction of the Weyl fermion 
measure. In short, it plays the role of the local counter term in the effective action for the 
Weyl fermions. 4 

For the practical computation of observables in the lattice abelian chiral gauge theories, 
it is required to compute the Weyl fermion measure for every admissible configuration. 



properties, become clear from the point of view of the path-integral. The gauge-invariant construction 
by Liischer^] based on the Ginsparg- Wilson relation provides a procedure to determine the phase of the 
overlap formula in a gauge-invariant manner for anomaly-free chiral gauge theories. For Dirac fermions, 
the overlap formalism provides a gauge-covariant and local lattice Dirac operator satisfying the Ginsparg- 
Wilson relational], ^| [Hj, ^j, |(|. The overlap formula was derived from the five-dimensional approach of 
domain wall fermion proposed by KaplanJSo). In its vector-like formalism pl| pj[ p3[ yk |, the local low 
energy effective action of the chiral mode precisely reproduces the overlap Dirac operator 2a, p7| . 

2 See also ^] for a gauge-invariant construction of abelian chiral gauge theories in non-compact formu- 
lation. 

3 It has been shown by Neuberger E3] that the constant 1/30 in the above bounds can be improved to 
1/6(2 + s/%. 

4 For nonabelian chiral gauge theories, the local cohomology problem can be formulated with the topo- 
logical field in 4+2 dimensional space, [^i], |3l], [}2| ^] So far, the exact cancellation of gauge anomaly has 
been shown in all orders of the perturbation expansion for generic nonabelian theories^, E3|, and non- 
perturbatively for SU{2) x U(1)y electroweak theory, both in the infinite lattice^)]]. In the five-dimensional 
approach using the domain wall fermion|(| || ||, || g || , the local cohomology problem can be 
formulated in 5+1 dimensional space fcoj. 
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However it seems difficult to follow the steps given in |30| literally. The first problem is the 
use of the infinite lattice in order to make sure the locality property of the cohomologically 
trivial part. 5 As a closely related problem, the vector-potential-representative of the link 
variable used in the cohomological analysis is unbounded. The second problem is the use 
of the continuous interpolations in the space of the admissible U(l) gauge fields. 

The purpose of this paper is to give a prescription to solve the local cohomology 
problem within a finite lattice which applies directly to the chiral anomaly on the finite 
lattice, 

q(x)=ti{ l5 (l-D L )(x,x)}, (1.7) 

where Dl(x, y) is the finite-volume kernel of the Dirac operator. With this method, we will 
show that the current k^x), which gives the the cohomologically trivial part of the above 
chiral anomaly, can be obtained directly from the quantities calculable on the finite lattice. 
Then we will argue that the measure of the Weyl fermions can be also constructed directly 
from the quantities defined on the finite lattice. 6 For our purpose, we first examine the 
Poincare lemma, which is originally formulated on the infinite lattice pS|] . We will show that 
the lemma can be reformulated so that it holds true on the finite lattice up to exponentially 
small corrections of order 0(e~ L ^ 2e ), where L is the lattice size and g is the localization 
range of the differential forms in consideration. 7 (Section ||) 

We next examine the one-to-one correspondence between the link variable and the 
vector potential with a certain good locality property, which is originally derived in the 
infinite lattice |29(|. We will show that a similar one-to-one correspondence with the desired 
locality property can be formulated for the admissible U(l) gauge fields on the finite lattice, 
by separating the link variables into the part which is responsible to the magnetic flux (the 
constant mode of the field strength) and the part of the local and dynamical degrees of 
freedom around the magnetic flux. (Section ||) 

Equipped with the modified Poincare lemma and the vector potentials for the admis- 
sible U(l) gauge fields on the finite lattice, we will perform the cohomological analysis of 
the chiral anomaly directly on the finite lattice. Through this analysis, we will derive a 
formula by which the cohomologically trivial part of the chiral anomaly is given in terms 
of the quantities defined on the finite lattice. (Section |6|) 

In this paper, we will focus on how to obtain the cohomologically trivial part (the 
local counter term) directly on the finite lattice. We do not claim that the cohomological 
classification of the chiral anomaly can be completed within the setup of the finite lattice. 
Rather we will use some of the results in the infinite volume as inputs in order to establish 

J The cohomologically trivial part is, so far, constructed in two steps: the local cohomology problem is 
first solved in the infinite lattice (32) and then the corrections required in the finite lattice are constructed 
and added (52) . Since the lattice Dirac operator satisfying the Ginsparg- Wilson relation should have the 
exponentially decaying tail|53|, the local fields in consideration should have the infinite number of 
components. Moreover, the vector potentials used in this analysis are not bounded. 

6 The continuous interpolation in the space of the admissible gauge fields is also a crucial technique in the 
above construction. We will discuss the issue how to implement the continuous interpolation numerically 
in the forthcoming paper. 

7 For the ultra-local tensor fields on a finite lattice, the Poincare lemma has been formulated by Fujiwara 
et al in Q . 
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the exact cancellation of gauge anomaly on the finite lattice, as we will see in section ^. For 
the presentation of our result, we follow closely the convention and the notation adopted 
in |^] , so that the necessary modification of the cohomological analysis in the finite lattice 
becomes clear. 

2. U(l) gauge fields on the finite lattice 

We consider a finite four-dimensional lattice of size L with periodic boundary conditions 
and choose lattice units. The U(l) gauge fields on such a lattice may be represented through 
periodic link fields, 

U{x,n) €U(1), x = (xi,--- ,x 4 ) GZ 4 , (2.1) 

U(x + Li/,n) = U(x,/i) for all p, v = 1, ■ • • , 4, (2.2) 

on the infinite lattice. The independent degrees of freedom are then the link variables at 
the point x in the block 

T 4 [ Xo ] = {x € Z 4 | - L/2 < x M - x 0m < L/2} (2.3) 

where xq is a certain reference point. L is assumed to be an even integer. Under gauge 
transformations 

U(x, n) -> A(x)U{x, n)k{x + p,)" 1 , (2.4) 

the periodicity of the field will be preserved if A(x) S U(l) is periodic. 

We impose the so-called admissibility condition on the U(l) gauge fields: 

\F[iu(x)\ < e for all x,/j,,v, (2-5) 

where the field tensor F^ v {x) is defined through 

F^{x) = -InP^ix), -7T < F^ix) < it. (2.6) 

We require this condition because it ensures that the overlap Dirac operator [Q, |4| is a 
smooth and local function of the gauge field for e < 1 /30 || . 

The admissible U(l) gauge fields on the finite lattice can be classified by the magnetic 
fluxes m^ u , where 

1 L ~ l 

m^u = ^- ^ F fll/ (x + sjl + tv) (2.7) 

s,t=0 

(integers independent of x). The following field is periodic and can be shown to have 
constant field tensor equal to 27rm^ u /L 2 (< e): 

Vj m ] (x, n) = e -¥{ LS ^-^>» m ^+^<» m ^A, (2.8) 

where the abbreviation x M = x^ mod L has been used. Then any admissible U(l) gauge 
field in the topological sector with the magnetic flux may be expressed as 

U(x,fi) = U(x,fx)V [m] {x,fx). (2.9) 

We may regard U(x,fj,) as the actual local and dynamical degrees of freedom in the given 
topological sector. 
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3. Local composite fields on the finite-volume lattice 



Under the admissibility condition, the space of the U(l) lattice gauge fields on the finite- 
volume lattice is separated into topological sectors labeled by the magnetic flux m^ v . Over 
the topological sectors, the gauge field can not be deformed continuously to each other 
without breaking the admissibility condition. Then a composite field of gauge field, which is 
a functional defined over the field space, could be defined independently in each topological 
sectors. Moreover, even in each topological sectors, the link variables are not independent 
each other and then the locality of composite fields of gauge field is not completely obvious. 
Therefore we need to clarify what exactly a local composite field on the finite- volume lattice 
means. 

We first note the fact that the finite-volume kernel Dl(x, y) of a lattice Dirac operator 
of a Ginsparg- Wilson type fermion may be represented by the kernel in the infinite lattice 
D(x,y) which is restricted to the periodic link field: 

D L (x,y) = D(x,y)+ D(x,y + nL), (3.1) 

nGZ 4 ,n^0 

D L (x,y) = D(x,y) + 0(e- L ^). (3.2) 

The second equation follows from the requirement of the locality for the lattice Dirac 
operator D in the infinite lattice^, 29|. Namely, it is required that D(x,y) is a sum of 



strictly local operators, 

oo 

D(x,y) = Y J D k (x,y), (3.3) 

fc=i 

which are localized on the blocks with side-lengths 2k. Moreover these kernels and their 
derivatives Dk(x,y; y%, ui, . . . ,y n , u n ) with respect to the gauge field variables U{y\,V\), 
. . ., U(y n , u n ) are required to satisfy the bounds 

\\D k (x,y;yi,u 1 ,...,y n ,u n )\\ < a n k Pn e' ek (n > 0) (3.4) 

where the constants a n ,p n > and 8 > can be chosen to be independent of the gauge 
field. As a consequence we have 

\\D(x, y; Vl , y n , u n )\\ < a' n {\ + ||x - z\\ p ^e^*-*^, (3.5) 

for a constant a' n and the integer p n > 0, where z is chosen from y,y\, ... ,y n so that \\x— z\\ 
is the maximum. The localization range is given by g = 2/6. In the case of the overlap 
Dirac operator, it has been proved that these requirements are satisfied for all admissible 
gauge fields p. 

From this observation, it is reasonable, for our purpose, to specify the notion of a local 
composite field on the finite-volume lattice as follows: 

Locality property of local composite fields (I) : we refer a composite field <j){x) on 
the finite periodic lattice as local if cp(x) can be expressed as the sum of two parts, the local 
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composite field 4>oo(x) defined in the infinite lattice and restricted with a periodic gauge 
field and the finite-volume correction A0 oo (a;): 

4>(x) = (Pooix) + A^x) ; |A<ko(x)| <cL4e~ L / 2s (3.6) 

for a constant c and an integer p > 0, where g is the localization range of (fi(x). <poo(x) is 
required to be local in the sense that it can be written as a series 

oo 

4>oo{x) = ^^(pkooix) (3.7) 
k=l 

of strictly local fields 4>k( x ) which are localized on the blocks with side-lengths proportional 
to k, and these fields and their derivatives 4>k(x; y%, v%, . . . , y m , v m ) with respect to the gauge 
field variables are bounded by 

\^koo{x;yi,ui,...,y m ,^ m )\<c m k C!m e- k/e (m > 1), (3.8) 

where the constants c m ,q m > and the localization range g > are independent of the 
gauge field. 

As to the locality of a composite field on the finite-volume lattice, it turns out to be 
convenient, for our purpose, to specify its property in more detail. We note again eq. (|3~l|), 
the relation of the finite- volume kernel D^x^y) to that in the infinite lattice D(x,y), and 
also the fact that the differentiation of -D^(x,y) with respect to the periodic link field 
U(z,v) is related to the differentiation of D(x,y) with respect to the generic link field in 
the infinite lattice as follows: let fj(x, v) be a periodic variation of the link field, while 
r/(a;, u) is an arbitrary variation in the infinite lattice and then we have 

5D L (x,y) = 5D(x,y) 5D(x,y + nL) 

(3.9) 

where, after the variation, parameters fj and 77 are set to be zero. From these relations we 
can see that Di(x,y) is also a sum of operators, 

00 

D L (x,y) = J2 D Lk(x,y), (3.10) 

k=l 

D Lk (x,y) = D k (x,y) + D k (x,y + nL), (3.11) 

where Di k {x,y) is strictly local in the sense that the kernel itself and their derivatives 

D£ jk (x, y;yi, u\, . . . , y n , u n ) with respect to the periodic gauge field variables U (yi, u±), . . ., 

U(y n ,u n ) vanishes identically if 2k < max \\x — z\\: 

z=y,yi,—,Vn 

DLk(x,y;yi,vi, . . . ,y n ,v n ) = if 2k < max \\x - z\\. (3.12) 

z=y,yi>—>yn 
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Moreover we can infer the following bounds: 



\\D Lk (x,y;yi,ui,...,y n ,u n )\\ < b n k Pn e ek (n > 0), (3.13) 

where the constants b n ,p n > and 9 > can be chosen to be independent of the gauge 
field and the lattice size L. As a consequence we have 

\\D L (x, y; y 1} u u . . . ,y n , u n )\\ < b' n (l + \\x - z \\^) e -\\- z W/e ( n > ), (3.14) 

for a constant b' n and the integer p n > 0, where z is chosen from y,yi, ■ ■ ■ ,y n € so 
that \\x — z\\ is the maximum. 8 Therefore, it is reasonable to require further the following 
property for a local composite field on the finite-volume lattice: 

Locality property of local composite fields (II) : a local composite field <fi(x) on the 
finite periodic lattice is also expressed as the sum of local fields, 

oo 

<t>(x) = J2<t>k(x), (3-16) 
fc=i 

where (f>k(x) and their derivatives (f>k(x; yi, fi, ■ ■ ■ , y m , u m ) with respect to the periodic gauge 
field variables U( y i,v%), . . ., U(y m ,i' m ) satisfy 

(f>k(x;yi,fi,...,y m ,i'm)=0 if 2k < max ||x-z||, (3.17) 

z=y,yi,—,yn 

\(f> k (x;yi,u 1 ,...,y m ,u m )\<d m k qm e- k/e (m > 1) (3.18) 

for a constant d m and the integer q m > 0. where the constants d m ,q m > and the 
localization range g > are independent of the gauge field and of the lattice size L. 

Then it follows that 

{x ] y 1 ,u 1 ,...,y mi u m )\\<d l m {l + \\x-z\\^)e-\\ x - z \\l e (m > 1) (3.19) 



for a constant d' m , where z is one of y\, . . . , y m G T 4 m for which \\x — z\\ is the maximum. 

Thus we adopt the notion of local composite fields on the finite periodic lattice defined 
by the properties (I) and (II). In the following sections, we will develop a method of the 
cohomological analysis which directly applies to this kind of local fields on the finite lattice. 



For the overlap Dirac operator in the finite- volume lattice, the expansion eq. ( p.lCj ) may be the Legendre 
polynomial expansion with respect to the operator z which involves the square of the Wilson-Dirac operator 
in the finite- volume lattice, 

D w l(x,u) = D w (x,y) + ^2 D w (x,y + nL). (3.15) 

n6Z 4 ,n^0 

With this expansion in the finite-volume lattice, the same argument as in || holds true and the locality 



bound eq. (3.14) follows for the lattice points x and y,yi, . . . ,y n G T 4 [ 
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4. The Poincare lemma on the finite lattice 

In this section, we reformulate the Poincare lemma given in [^] for the finite volume lattice. 
We consider the finite lattice of integer vectors x = (x%, ■ ■ ■ , x n ) € Z n in n dimensions where 
n > 1 is left unspecified, 

r n = {x € Z n \ -L/2 < x^ < L/2}. (4.1) 

The size of the lattice, L, is assumed to be an even integer for simplicity. 

In the following we will be concerned with tensor fields f^—^k (x) on T n that are totally 
anti-symmetric in the indices fj,\, ■ ■ ■ , /U^ which may be regarded as periodic tensor fields 
on the infinite lattice: 

Ui-Hk( x + L£/ ) = Ui-Hk( x ) for a11 ^ v = 1, ' • • , n - ( 4 - 2 ) 

The differential forms on the finite lattice are introduced following p9| . The general /c-form 
on T n is given by 

f( x ) = -gfm-Lik( x ) dx ni ■■■ dx Vk- ( 4 - 3 ) 

The linear space of all these forms is denoted by fi^. An exterior difference operator 
d : — ^ ilfc+i is defined through 

df(x) = —d fl f fJ , lt ...^ k (x)dx fl dx tll ■ ■ ■ dx^ h , (4.4) 

where denotes the forward nearest-neighbor difference operator. The associated diver- 
gence operator d* : 0,^ — > is defined in the obvious way by setting d*f = if / is a 
0-form and 

d *f( x ) = JZ _ ^j ^/w-ft (x)dx^ 2 ■ ■ ■ dx^ k (4.5) 

in all other cases, where d* is the backward nearest-neighbor difference operator. With 
respect to the natural scalar product for tensor fields on r^i, d* is equal to minus the adjoint 
operator of d. 

It is straightforward to show that d* 2 = and the difference equation d* f = is 
hence solved by all forms f = d*g. In the infinite lattice, the Poincare lemma p9| asserts 
that these are in fact all solutions, an exception being the 0- forms where one has a one- 
dimensional space of further solutions and one needs the extra condition, ^ x f(x) = 0, to 
remove them. On the finite lattice, the lemma can be formulated so that it holds true up 
to a certain correction form Af(x) which coefficients are just some linear combinations of 
the coefficients of f(x) at the boundary of r n . 9 

Lemma ^a (Modified Poincare lemma) 

Let / be a /c-form which satisfies 

d*f = and = if k = °- ( 4 - 6 ) 

9 An equivalent formulation of the Poincare lemma can be given in terms of divergence operator d. 
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Then there exist two forms g G Qk+i an d A/ G fi^ such that 

f = d*g + Af (4.7) 

for certain constants C3 and > 0. The tensor field Af fll ... tJik (x) linearly depends only on 
the values of the tensor field f fll ... flk (x) at the boundary, {f^---fi k (z)\ z G dT n }. 

On the other hand, in the continuum, it follows from the de Rham theorem that a 
closed form whose integral over any cycle vanishes identically can be expressed as an exact 
form. On the finite lattice T n , any exact k-form(/c > 1), / = d*g, satisfies 

/w-Mfe( x ) = ° for all /ii, • • • (4.8) 

or, using d*/^...^ (x) = 0, 

^2 ff*i-»k( x ) = for all ^i,--- (4.9) 

Then we can show the following lemma. 

Lemma ^jb (Corollary of de Rham theorem) 

Let / be a /c-form which satisfies 

d*f = and f{x) = 0. (4.10) 

Then there exist a form g G &k+i such that 

/ = d*g. (4.11) 



The proof of the lemma 2a [lemma 2b] goes just like that in [29] with some modifica- 
tions. We first show that the lemma holds for n = 1 and then proceed to higher dimensions 
by induction. On a one-dimensional lattice the non-trivial forms are the 0- and 1-forms. 
In the first case we have k = and the only condition on / is then that ^zgri f( x ) = 0- 
It follows from this that the 1-form 



XI 



a(x)= Yl f(y) dx i ( 4 - 12 ) 

yi=xoi-L/2 

is periodic and satisfies d*g = f. In the other case the equation d*f = 0, that is, 5*/^(x) = 
implies that fi(x) = constant. Since one may choose x as the point at the boundary 
||x — xq\\ = L/2, we have fi(x) = fi(z)\ Z £dFi which is what the lemma claims. Thus we 
have proved the lemma for n = 1. 

[If the one- form / satisfies Y2x eri = 0, the constant must vanishes identically and 

the second version of the lemma holds for n = 1.1 
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Let us now assume that n is greater than 1 and that the lemma holds in dimension 
n — 1. We then decompose the form / according to 



/ = udx n + v, (4-13) 

where u and v are elements of Qk-l an d f2fc respectively that are independent of dx n . 

If we ignore the dependence on x n , these forms may be regarded as forms in n — 1 
dimensions. To avoid any confusion the corresponding exterior divergence operator will be 
denoted by d*. It is then straightforward to show that 

d*f = (d*u) dx n + {(-l)*- 1 ^!* + d*v} (4.14) 

and the equation d*f = hence implies 

+ d*v = 0, d*u = 0. (4.15) 

Note that u = if k = and the condition eq. ( |4.6| ) reduces to ^2 xern v(x) = 0. 
We now define a form v on T n _i through 

L/2-1 

^( X ) = y = (^U---,x n -i,y n ). (4.16) 

y n =-L/2 

Evidently u is an element of £1^ and from the above one infers that it satisfies the premises 
of the lemma. The induction hypothesis thus allows us to conclude that v = d*g + Av for 
some form g G ^lk+i and some correction form Av G fij in n - 1 dimensions. Av depends 
only on {v(z)| z G 9r n _i}. 

Next we introduce a new form h on r n through 

Kit 

h(x) = (-l) k Yl My) - 5 yn , XOn v} dx n (4.17) 

Vn=x 0n -L/2 

where y is as in eq. ( [4. 16 ). h is periodic. Using eq. ( |4. 15 ) it is straightforward to prove 
that 

fix) = 5 x n ,x 0n v( x ) + d*h(x) + u(x)| a . n=a . 0n _ i/2 _ 1 dx n . (4.18) 

u(a;)|a; n=Xo -l-^/2-i m ay be regarded as the (k — l)-form on T n _i. To make it explicit, 
we denote the form as 

u ( x )\x n =x 0n +L/2-l = u{x). (4.19) 

Since the second condition in eq. ( |4.15| ) implies that d*u = 0, it follows 

u(x) = d*e(x) + Au(x), (4.20) 
where An depends only on {tt(z)| z € dT n -i}. We thus conclude that the sum 

g(x) = S Xn>X0 g(x) + h(x) + e(x) dx n (4.21) 
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is an element of fJfc+i such that 

f{x) = d*g(x) + Af(x) (4.22) 

where 

Af(x) = 5 XniXOn Av(x) + Au(x) dx n , (4.23) 

Af depends only on {t>(z)| z € T n _i} and {w(^) | z £ T n _i} and therefore depends only on 
the boundary values of f(x), {f{z)\ z € dT n }. 

[For the form / satisfying ^2 x€r „ f( x ) = 0> h follows from eq. ( 4.18j ) that X^er v(x) = 
and £a:er n _i u ( x )\x n =x 0n +L/2-i = Y,xer n -i = °- From the induction hypothesis, it 
follows immediately that Av(x) = and Au(x) = 0. Therefore we have f(x) = d*g(x) and 
the second version of the lemma holds in dimension n.] 

The construction of the forms g(x) and Af(x) is given explicitly in the above proof 
of the lemma. The coefficients of g{x) and Af(x) are some linear combinations of the 
coefficients of f{x) and therefore the sizes of these forms are intimately related to that of 
f(x). Now let us introduce norms of the forms by 



I/mi-wO 1 * + X 



max : | , (4.24) 



with a localization range g, an integer p and a reference point xo fixed. Then we can show 
the following bound for the norm of the form g(x): 

\\9\\xo,p,0 — C ||/IUo,p,e (4-25) 

for some constant C independent of f(x), xq and L. The proof of this bound is given in 
the appendix |A[ As for the form Af(x), we have at least 

\Af^ h (x)\ < nC'L^ 1 max [/„(* + *„)| (4-26) 

for some constant C independent of f(x) and L. 

In the cohomological analysis of chiral anomaly, we encounter tensor fields which are 
norm-bounded with a reference point xq €T n , an integer p and a localization range g as 

\\f\\x , P , e < Ci (4.27) 

for a constant Ci independent of L (and also the gauge field). This locality property holds 
true for the tensor fields which are obtained from the chiral anomaly q(x) defined with the 
overlap Dirac operator^, |4], |6| by the differentiation with respect to the link variables. For 
such tensor fields, the lemma |]a, b imply that the form g(x) should satisfy the bound 

\\g\\x , P , e < C 2 , (4.28) 

and the form Af[x) should satisfy the more stringent bound than eq. ( 4.26| ) 

\Af^ k {x)\<C,L^- L ^ (4.29) 

for certain constants C2, C3 which do not depend on L (and also the gauge field). Therefore 
g(x) has the same locality property as that of f(x), and Af(x) is a small finite-volume 
correction of order 0(e~ L / 2e ). 
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5. Vector potentials on the finite lattice 



In this section, we examine the parametrization of the gauge fields on the finite lattice 
in terms of vector potentials. We restrict ourselves to the case of four dimensions. It is 
straightforward to extend the following discussion to other dimensions. 

In the course of the argument of the local cohomology problem, it plays a crucial role 
to introduce the vector potential which has the one-to-one correspondence to the original 
link variable. In this respect, an important point is that the locality properties of gauge 
invariant fields should be the same independently of whether they are considered to be 
functions of the link variable or the vector potential. Similar to the lemma 5.1 of [29], the 
following lemma shows that for U(x, //), the actual local and dynamical degrees of freedom 
in a given topological sector, it is possible to establish the one-to-one correspondence to a 
periodic vector potential with the desired locality properties on the finite lattice. 

Lemma |5| There exists a periodic vector potential A^{x) such that 

U(x,fx) = e iA ^ x \ (5.1) 
F^(x) = dMx) - d v AJx) + — J^, (5.2) 



L 2 



\Ap(x)\ <7r(l+4||x||) for x v + f - 1 [y = 1, 2, 3) 
< 7r(l + 6L 2 ) otherwise. 



s,t=0 



(5.3) 



Moreover, if A'^(x) is any other field with these properties we have 

A' fl (x)=A^x) + d^(x), (5.4) 
where the gauge function u{x) takes values that are integer multiples of 2ir. 
Proof: We introduce a vector potential 

a„(x) = - In U(x, /x), — 7T < a„(x) < it (5-5) 
i 

and then note that 

F^ v {x) = d ll a u (x) - dya^x) + 2i:7 ^ iu + 2-!rn fll/ (x), (5.6) 
where n^ u (x) is an anti-symmetric tensor field with integer values which satisfies 

d[ p n^]{x) = 0, (5.7) 

L-l 

n^ u (x + sfi + ti>) = 0. (5.8) 



The Bianchi identity of n^ u (x) follows from the Bianchi identity of F fJiU (x) which holds true 
for e < 7r/3. 

We now construct a periodic integer vector field rh^x) such that d^m u — d u m^ = h^ u . 
For this purpose, we try to impose a complete axial gauge where rhi(x) = 0, r7i2(x)\ xl= o = 
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0, fhs(x)\ xl=xa= o = 0, m4 : (x)\ xl=X2=X3= o = and to obtain the non-zero components of the 
field by solving 

dfj,rh v (x) = hfj, u (x) at x\ = ■ • • = x^-x = (5.9) 

for [i = 3, 2, 1 (in this order) and v > /z. However, the resulted vector potential is not 
periodic. Let us denote the restriction of the solution on to T4 by m fJi (x), 



M*) = -EE' 



=z„_i=0 



(5.10) 



where x € T 4 , z^ v > = (x\, ■ ■ ■ ,t u , ■ ■ ■ ) and 



Xi-l 

E '/(*) 

i»=0 



fEt;= Vw (^>i) 

{xi = 0) . 



(5.11) 



Although it satisfies the bound \m^{x)\ < 2||x||, it only satisfies 

n llv = dfj,m u - d v m u + Ah uv , 



L-l 



Ah^(x) = 5 x ^l/2-i E ™A zM ) 



tu=0 



Xu+1- 



(5.12) 
(5.13) 



where v > and t„ = 4„ mod L. We note that Ah fiu (x) has the support on the boundary 
of We then use the lattice counterpart of the lemma 9.2 in |3C], to obtain the periodic 
integer vector potential Am^(x) which solve d^Am u — d u Am^ = Ah^, 



L—X x v — X 

Am^(x) = -<5 Xm ,l/2-i EE E ' *V(' 



Xv + 1- 



(5.14) 



The desired periodic integer vector potential rh^{x) is now obtained by rha{x) = m^{x) + 
3S the bound 

"fyOOl < 2\\x\\ for x v ^ L/2 — 1 [y = 1, 2, 3), 



Am /i (x), which satisfies the bound 



I^V^)! < 3L otherwise. 



(5.15) 



and the vector potential which represents the link variable U(x, fj,) is obtained by 

An(x) = a M (x) +2nfhfi(x). (5.16) 

Thus lemma establishes a one-to-one correspondence between the admissible fields U(x, fj) x 
Vr m i (x, fj,) and the vector fields A^(x) with field tensor d^Au — d u A^ = F^ u (x) — 2-imi^/L 2 
where F fJjU (x) is bounded by e. 

Locality property of this mapping can be argued as in the case of the lemma 5.1 in 
1 29 ] . A gauge invariant field composed from the link variables U(x, fj,) V[ m ] (x, /i) may be 
regarded as a gauge invariant field depending the vector potential A^(x) and also on the 
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magnetic fluxes m^. The locality properties of the gauge invariant fields are the same 
independently of whether they are considered to be functions of the link variables or the 
vector potential. Since the mapping 

A„(x) -» U(x,n) =e iA »W (5.17) 

is manifestly local, this is immediately clear if one starts with a field composed from the link 
variables. In the other direction, starting from a gauge invariant local field 4>{y) depending 
on the vector potential (and also on the magnetic fluxes m^ u ), the key observation is that 
one is free to change the gauge of the integer field m^(x) in eq. ( |5.16 ). In particular, we 



may impose a complete axial gauge taking the point y as the origin. Around y the vector 
potential is then locally constructed from the given link field and (j)(y) thus maps to a local 
function of the link variables residing there. 10 

6. Cohomological analysis of topological fields on the finite lattice 

In this section, equipped with the Poincare lemma reformulated for the finite lattice and 
the periodic and bounded vector potential representation of the link variables, we now 
perform a cohomological analysis of topological fields directly on the finite lattice. We 
consider a gauge-invariant local field q(x) on the finite volume lattice which is topological 
in the sense that 

q(x) = integer (6.1) 

xer 4 

and also that 

Sq(x) = (6.2) 

xer 4 

for any local variation of the gauge field. q(x) can be separated into two parts, the part 
defined in the infinite lattice qoo(x) and the part of finite- volume correction Aiq(x) as 

q{x) = qooix) + Aq OQ (x). (6.3) 

Qoo(x) is a gauge-invariant local field defined in the infinite lattice, but restricted with 
periodic gauge fields. We assume that this part is also topological in the sense that 

6 Qoo(x) = 0, (6.4) 

for any local variation of the gauge field (not restricted to periodic gauge fields). On the 
other hand, Aq OQ (x) satisfies the bound 

\A goo (x)\<KL°e- L / 2 e. (6.5) 



10 As shown in pc|], U(x,fi) can be parametrized uniquely by the Wilson lines w M , the transverse vector 
potential Aj^(x) and the gauge function A(:r). This parametrization of the link variable, however, does not 
possess the desired locality properties and does not suit for our purpose. 
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for a constant k and an integer a. g is the localization range of q(x). This property of 
q(x) allows us to relate our result obtained directly on the finite lattice to that obtained 



through the cohomological analysis in the infinite lattice[29, 52]. All the above properties 
of the topological field q(x) are satisfied for the chiral anomaly given in terms of the overlap 
Dirac operator. 

6.1 Cohomological analysis of topological field on the finite lattice 

Let q(x) be a gauge-invariant local field on the finite lattice which is topological in the 
sense that 

5 ^ x ) = 0, (6.6) 

xer 4 

for any local variation of the gauge field. Our aim is then to establish 

(x) + r Y[m,w] e WP<r F v(. x ) f p°( x + fi + v) + d*k[,(x), (6.7) 

where q\ m ](x) denotes the same field for the configuration Vr m ](x,^), (f)[ m }^ v {x) is a gauge 
invariant functional of V[ m j(x,/j,), j\ mtV1 ] is a constant which may depend on V\ m Ax,n) and 
a constant Wilson line, and k fl (x) is a gauge invariant local current. The first step of the 



proof of eq. ( |6.7[) is the following lemma, which corresponds to the lemma 6.1 in [29]. 

Lemma ^.1 There exist gauge invariant local fields (j)^ u (x) and h^{x) such that 

(f>ij,A x ) = -4>u^{x), <9*<^,(x) = 0, (6.8) 
q(x) = Q[m]{x) + 4>^u{x)F^{x) + d* y h li {x). (6.9) 

Proof: The vector potential A^(x) represents an admissible field through e lA ^( x ) x 
V\ m ](x,fi) and the associated field tensor F fiu (x) = d fl A l/ (x) — d u A fJ- (x) + 2 ™ M " is hence 
bounded by e. It is straightforward to check that this property is preserved if the potential 
is scaled by a factor t in the range < t < 1, i.e. we can contract the vector potential 
to zero without leaving the space of admissible fields. Differentiation and integration with 
respect to t then yields 

q(x) = q[ m ](x) + ^ j v (x,y)A v (y), (6.10) 

where 

j v (x,y)= [\(JWL) . (6.11) 



JO \dA u (y) /A ^ tA 

As a function of the gauge fields, the current j v {x,y) has the same locality properties as 
the topological field. 

Since the gauge group is abelian, the derivative of a gauge invariant field with respect 
to the vector potential is gauge invariant and the same is hence true for j u (x, y). Performing 
an infinitesimal gauge transformation in eq. ( |6.10| ), it then follows that 

j v (x,y)f% = 0. (6.12) 
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Here and below the convention is adopted that a difference operator refers to x or y 
depending on whether it appears on the left or the right of an expression. 

The lemma ||a now allows us to conclude that there exists a gauge invariant anti- 
symmetric tensor field 6 fJil ,(x,y) such that 

j v (x,y) = e vil (x,y)&* + Aj v {x,y), |Aj„(x,y)| < mL^e^ 2 ". (6.13) 

As explained in Sec. |4|, the construction of this field involves a reference point xo which is 
here taken to be x. This choice ensures that 6^ u (x,y) has the same locality properties as 
jv(x,y). Aj u (x,y) is a small field which satisfies the exponential bound. In the following, 
the symbol A should be understood to denote such exponentially small fields satisfying 
certain similar bounds. 

When eq. ( |6.13| ) is inserted in eq. ( |6.10| ), a partial summation yields 

q(x) = <7[m](>) + 2 d iw( x >y) F»v(y) + ^2 ^u{x,y)A v (y). (6.14) 
y er 4 y er 4 

This may be rewritten in the form 

q{x) = q[ m ](x) + 4>fj,u(x) F^ix) + - 7 l^(x,y)F^(y) + ^ Aj v (x,y)A v (y), (6.15) 

y er 4 yer 4 

where the new fields are given by 

M I ) = 2 Z)^"^ 1 ) ( 6 - 16 ) 

zer 4 

V^{x,y) = 0^ v (x,y) -S x>y ^2 0^ p (z,y). (6.17) 

zer 4 

Both of them are gauge invariant and anti-symmetric in the indices jx, v. Moreover, taking 
the locality properties of d^ix^y) into account, it is easy to prove that fy^ix) is a local 
field. 

Using eq. ( |6.13|) and the topological properties of q(x) one obtains 

d*^u{x) = \ Nv{z,x). (6.18) 
zer 4 

Since the r.h.s of eq. ( |6.18| ) is an exact form, it satisfies the premise of the lemma |4|b. 
Therefore we may apply the lemma |4|b to obtain 

±J2 Aj„{z,x) = d;A$^(x). (6.19) 

zgr 4 

We may then define another tensor field 

<M*) = fa(x) - AV(i), (6.20) 

which satisfies 

<9*<M*) = 0. (6.21) 
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From the redefinition of 4>^ u (x), eq. ( 6.15 ) may be rewritten in the form 

q(x) = q[ m ]{x) + (f>f,u(x) Ff, u (x) + - ^2 V^u(x,y)F flu (y) + Aq(x), (6.22) 



2 

yer 4 



where 



Aq(x) = A^(x)F^(x) + A >(^ V)MV)- (6-23) 

As for the fields r]^ u (x, y), Aq(x) we note that 

tj^x, y) = 0, J2 = ( 6 - 24 ) 

and the lemma [|a (or ||b) may hence be applied again. This leads to the representation 

VtJ,u(x,y) = d* X T X/lu (x,y), Aq(x) = d* x Ah x (x) (6.25) 
in terms of new fields T Xpu (x, y), Ah x {x). Then we define 

= o ^2 T f^p( x iy)F"p(y) + Ah n( x )- ( 6 - 26 ) 

yer 4 

With these results, eq. (|6.22| ) may be finally rewritten in the form 

q(x) = q[ m ](x) + (frfivix) F^x) + dpi^x) (6.27) 

and the lemma has thus been proved. 

In the second step of the proof of eq. ( |6.7D we determine the general form of the field 
^^,v{x) using no other properties than those stated in lemma This step corresponds to 
the lemma 6.2 in p9|]. 

Lemma ^|.2 There exists a gauge invariant, local and totally anti-symmetric tensor field 
t\nv(x) such that 

( x ) + l\m,w\ttiv P cjF pa (x + /i + z>) + d x t Xilv (x) + A<j) fiV (x), (6.28) 

where 4>[ m ] pv {x) is the value of (^^{x) at V\ m \(x,fi), and 7[ mjW i is a constant which may 
depends on V[ m ](x,//) and a constant Wilson line. Aip pu (x) satisfies the bound \ A(j) pu (x)\ < 
K 2 L^e- L / 2 P. 

Proof: Proceeding as in the proof of lemma ^.1, it is straightforward to derive a represen- 
tation analogous to eq. ( |6.14| ) for the field (p^ix). Only the locality and gauge invariance 
of the field are required for this and one ends up with the expression 

4>vv(x) = (j)[ m ] pv {x) + ^Y1 ^p^ x ^y) F p^v) + Yl A -W(^y) A p {y), (6.29) 

y er 4 yer 4 
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where 4>[ m ]pu( x ) is the value of 4>pv{x) at V[ m ](x,/x) and the new fields Cp U pa(x,y) and 
Ajp Up (x,y) are defined through 

W^y)= r^f^rr) > W*,y)^ = o, ( 6 - 30 ) 

y) = i^upvix, y)d* + Aj pup (x, y). (6.31) 

As a function of the gauge fields, these new fields appearing in eq. ( |6,29| ) are gauge invariant 
and have the same locality properties as the current jpup(x,y), that is, as the field (f)p U (x). 
From eq. ( 6.31 ) it follows that ipu P a(x,y) satisfies 

Cpvpa = ~Cuppa = ~£,puapi (6.32) 

d*pipp P a{x, y)d* = -d*^Aj pi/p (x, y). (6.33) 



Since the r.h.s of the second equation of eq. ( 6.33 ) is an exact form in terms of y, it satisfies 
the premise of the lemma ||b. Therefore we may apply the lemma ||b to obtain 

Ajpu P (x, y) = dpAEp Up(7 (x, y)d*. (6.34) 

Here we note that <9* can be extracted explicitly in the r.h.s. of eq. (|6.34 ). This is because 
dpAj fJ/U \(x, y) is already an exponentially small field and when applying the lemma |||b with 
respect to y, the reference point xq is not necessarily identified with x. We may then define 
another tensor field 

tpvpa(x,y) = (,pupa(x,y) - AEp Upa (x,y), (6.35) 

which satisfies 

d;^ pa (x,y)d: = 0. (6.36) 
Applying the lemma ||a to eq. ( 6.3£| ) we have 

pupa VvpCFT (X, 

pupa }(x,y), (6.37) 

d*v 1/paT (x,y)d* = -d*A{d*^ upa }(x,y). (6.38) 
From eq. (6.38), we may again apply the lemma |]b to obtain 

-dtA{d^ pupa }{x,y) = dlAT upaT {x,y)b*. (6.39) 

We may then define another tensor field 

Vupar(x,y) = v upar (x,y) - AT upar (x,y), (6.40) 

which satisfies 

d;v upaT (x,y)d~; = 0. (6.41) 



Applying the lemma ||a to eq. ( 6.41 ) we have 

dtv upaT (x,y) = oj paT x(x,y)d* x + A{d* l/ v vpcjT }(x 1 y), (6.42) 
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ti paTX (x,y)d* x = - A{d*v upaT }(x,y). (6.43) 

Since the r.h.s of eq. ( |6.43| ) satisfies the premise of lemma |]b. Repeatedly, we may apply 
the lemma ^|b to obtain 

- Y, Hd> vp ar}{x, y) = Afl paTX (y)d*. (6.44) 

xer 4 

We may then define another tensor field 

u P ar\(x, y) = u paT \(x, y) - 5 x , y An paTX (y), (6.45) 

which satisfies 

Y uj paT x(x,y)di = 0. (6.46) 
zer 4 

An immediate consequence of the last equation is that 

Y u p^\(z,x) (6-47) 
zer 4 

is independent of x. In view of the locality properties of the expression, a dependence on 
the vector potential is almost excluded except the Wilson line w^. It also depends on the 
magnetic flux and the size of the lattice L. We will discuss this point later in relation 
to the anomaly cancellation. 

Another application of the lemma ^|a (or |||b) now implies that 

u P ctt\(x, y) = 27[ OT)TO ] e paT \ S XtV + d*(p„ paT \(x, y) (6.48) 

for some vector field (with respect to x), (p vpaT \{x,y). If we define 

y)d* x , (6.49) 

it is then straightforward to prove the relations 

(x,y)d* T + A{d;^ vpa }(x,y), (6.50) 

dtVupar(x,y) = {27[ 

m,w] €ptTT\ $x, y } d{ + {5 X) yAtl par \(y)} d{ + A{dlv upar }(x, y). (6.51) 

Compared to eqs. (|6.37|) , ( S.42| ) the important difference is that the form of the first term 
in the right hand side of the second equation is now known precisely. 

In the next step we propagate this information to the first equation by noting 

$x,yd*x = -d* {8 vX 6 x , y -p} , (6.52) 

Y ^{dtvupar}(x,y) = 0. (6.53) 
xgr 4 

The general solution of eq. fl6.51|) is hence given by 

VypcFT^X^y) — $v\$x,y— u^lVm^w] ^-parX (x,y) + Av upaT (x,y), (6.54) 
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where OnvpaT = —Qvppar- It follows from this that the shifted field 

i^ P a(x,y) = ipu P a{x,y) - OtMupar(x,y)d* (6.55) 

satisfies the relation 

d^upaix, y) = -2~i [m ^5 uX Sx,y-od*e p(TT x + A{d p £ pi/pa }(x, y), (6.56) 

where 

&{d*p£pvpa}(x,y) = A{d*^ vpa }(x,y) + Av upaT (x,y)d*. (6.57) 

We may now again use the identity eq. ( |6,52| ) and the lemma |3]a (or |]b) to infer that 

£,livpo{,X,y) = 2^{[m,w]£p,ispcrdx,y—fi—u + d* x K X ^p a (x, y) + A£ pvpa (x, y) (6.58) 

where K\ pupa (x,y) and A^ liupa {x^y) are another tensor fields. 
Together with 

<t>pv{x) = <l>[ m ]iu,(x) + r ^2 ^pa{x,y)F pa {y) + - ^ AE flupa (x,y)F pa (y) 

y er 4 yer 4 

+ 53 Aj pup (x,y)A p (y), (6.59) 
2/er 4 

and the definitions 

t\pu(x) = 2 XI K A^p CT (^y)^ P <7(y), (6.60) 

yer 4 

1 „ ~ 1 

A0^(x) = - ^2 ^upa(x,y)F pcT (y) + - AE pvpa (x,y)F pa (y) 

y er 4 j/er 4 

+ Aj^ p (x,y)A p (y), (6.61) 

this proves the lemma. 

The combination of lemma ^.1 and ||.2 leads to the representation 

q(x) = q[ m ](x) + 4>[ m ]pu(x) F pv (x) + j[ m ,w]£pispaF pu (x)F pa (x + fi + v) + d*h p (x) 

+dlt Xpv {x)F pu {x) + A<f>^(x) F pu (x). (6.62) 

Using the anti-symmetry of the tensor field t\ pu (x) and the vanishing of the monopole 
current, e pupcr d u F p(T {x) = 0, it is easy to check that 

d p t pv p{x^ F u p (x) — d p ^t pup (x^)F up (x + fj)f. (6.63) 
Moreover it follows that 

53 Acp^ix) Fp V {x) =0. (6.64) 

Since the tensor fields in the r.h.s. are exponentially small, we may apply the lemma |^b 
with an arbitrary reference point xq to obtain 

A4>^(x) F pv {x) = d;Akp(x). (6.65) 

This proves eq. ( |6.7| ) with the definition of k p {x) as 

k p (x) = h p (x) + t pvp (x)F vp {x + p) + Ak p (x). (6.66) 
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6.2 Relation to the result obtained in the infinite lattice 



We will next compare our result eq. ( |6,7| ) with the result obtained through the cohomologi- 
cal analysis in the infinite lattice 1 2 £,|52|]. The later result may be summarized as follows: let 
us assume that the topological field q{x) on the finite- volume lattice can be separated into 
two parts, the part defined in the infinite lattice and the part of finite-volume correction, 

q(x) = qoo(x) + Aq OQ (x). (6.67) 

qoo(x) is the topological field defined in the infinite lattice and with the periodic link 
variables. Aq 00 (x) satisfies the bound 

|Agoo(s)| < KL a e~ L / 2e (6.68) 

for a constant k and an integer v. g is the localization range of q{x). Then, through the 
cohomological analysis in the infinite lattice [p9|], the first part can be expressed as 

qoo{x) = a + (3 pu F pu (x) + je pupa F pu (x) F pa (x + fi + v) + d^k^ix). (6.69) 

The part of the finite- volume correction is an exponentially small field and it cannot con- 
tribute to the topological charge for a sufficiently large L. Namely we have 

Moo(x) = 0. (6.70) 

x€T 4 

Then it can be expressed as the total-divergence of a certain gauge-invariant current which 
is also exponentially small [52], 

A goD (x) = d;Ak poo (x). (6.71) 
The total topological field can be expressed as 

q(x) = a + (3 pu F pi/ (x) + je pupa F pu (x) F pa (x + fi + i>) + d*k p (x), (6.72) 

where 



k p (x) = k poo (x) + Ak poo (x). (6.73) 

may be rewritten as 



Since F pu (x) = ^^ L + F pi/ (x), the cohomologically non-trivial part of the above result 



, 2itm pu | 2imi pu 2itm p (T 

(X) — a + p pv ^ + 'ytfivpa j2 jj2 

^@[MjFfj,v{x) ~\~ 2^€ pypu — 2 F pu (x) 



L 2 

+7e pupa F pu (x) F pa (x + jl + v)+ d p k' p (x), (6.74) 

where 

'), 

h' (rA — h (rr\ _l_ \ o/c _ 

L 2 



(F pa (x + jl + v) + F p(T (x + [i)). (6.75) 



upa 
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This result should be compared with eq. (|6.7|), Indeed, it is possible to show that the 
coefficients of the polynomials of field tensor F^(x) in eq. (p?7|), q\ m ](x), </>[ m w(x) and 
l[m,w\i are related to a, (3^ v and 7 by the following bounds. 



Lemma ^.3 



a] (x) - a- j3,j, v 



2nm 



fJbV 



V- 



(2vr) 2 



L 4 



(x) - - 2 7 e 

pupa 

T[m,t«] T 



2-Km 



pa 



L 2 



< K' 3 L a *e- L/2p , 



(6.76) 

(6.77) 
(6.78) 



The proof of the bounds is given in the appendix ^ 
7. Exact cancellation of gauge anomaly 

We now consider the chiral anomaly which is given in terms of the overlap Dirac operator 
which satisfies the Ginsparg- Wilson relation as follows: 



q(x) = tr {75(1 - D L )(x,x)} , 



(7.1) 



where Dl(x,i/) is the finite-volume kernel of the Dirac operator. q(x) is then defined for 
all admissible gauge fields and it is topological in the sense that 



and also that 



q(x) = integer 



5 ^ x ) = °> 

xer 4 



(7.2) 



(7.3) 



for any local variation of the gauge field. This chiral anomaly q(x) can be separated into 
two parts, the part defined in the infinite lattice and the part of finite-volume correction, 



q(x) = qoo(x) + Aq^x). 

Using eq. ( |3.1| ), we explicitly have 

qoc(x) = tr{7 5 (l - D)(x,x)} , 
A goD (x) = tr rys(l -D)(x,x + nL)}. 



(7.4) 



(7.5) 
(7.6) 



qoo(x) is the chiral anomaly defined in the infinite lattice with the periodic link variables. 
On the other hand, Af j q(x) satisfies the bound, 



|A 9oo (z)| < Ke~ L /e. 



(7.7) 
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Since qoo(x) transforms as pseudo scalar, then we can show that the coefficients a, (3^ u 
vanish identically. Moreover 7 can be evaluated in perturbation theory, giving the result 

Based on the result obtained in the previous subsections, we will now examine the 
cancellation of the gauge anomaly. Let us consider an anomaly- free multiplet {ipl(x) \ a = 
1, 2, • • • } with the U(l) charges satisfying the condition 



0. 



(7.8) 



In each contribution of a single Weyl fermion ip2( x ) t° the gauge anomaly, which is denoted 
by q a (x), we scale the vector potential and the magnetic fluxes as 

Aft(x) ->• e a A^{x), m^u -> e a m Miy , (7.9) 

and consider the summation of them in the anomaly- free multiplet, 

5> Q g Q (x). (7.10) 

a 

In particular, we consider the summation of the first three terms in the r.h.s. of eq. ( |6.7| ). 

a a 

+ell[ mM e^ P aF flu (x) F pa (x + fi + z>)} , (7.11) 
Then we can show the following lemma. 

Lemma ^.4 For an anomaly-free multiplet, the summation of the gauge anomalies 
^2 a e a A a (x) satisfies the bound 



^e a A a (3 



and can be written as the total-divergence of a gauge- invariant local current, 

J2e a A a (x) = d;A~k^(x). 



(7.12) 



(7.13) 



Proof: From the bounds ( 6.76 ), ( 3.77| ) and ( 6.78j ), e a A a (x) scales as up to corrections 
of order 0(L a e~ L l 2e }. The terms which scale as e„ cancel each other due to the anomaly- 
free condition and the remaining term satisfies the bound eq. ( |7.12 ). Since ^2 a &aQ a = 
where Q a = ^xgr 4 Q a ( x ) = ea7W<^( 27r ) 2m ^ m p^' H a e <xA a {x) satisfies 



\Y,^A a {x)\ = Q. 



(7.14) 
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Then we may apply the lemma ||b with an arbitrary reference point xq to obtain eq. ( 7,13; ) . 
This proves the lemma. 

By the combination of lemma [6|.l, ^.2 and ||.4, we finally showed that the gauge 
anomaly is cohomologically trivial. Namely, 

Y,e a q a (x) = d;k ll (x), (7.15) 

a 

where kn(x) is a gauge- invariant local current defined by 

k^x) = k^x) + Ak^x), (7.16) 

Thus we have shown that the current k^{x) which gives the the cohomologically trivial 
part of the chiral anomaly can be obtained directly from the quantities calculable on the 
finite lattice. It is in sharp contrast with the current k fl (x) given by eq. ( |6.73| ) which has 
been obtained throught the cohomological analysis in the infinite lattice. This is the main 
result of our analysis. 



8. Discussion: Weyl fermion measure on the finite lattice 

Finally we will argue how to construct the measure term[j30f| directly from the cohomolog- 
ically trivial part of the chiral anomaly on the finite lattice. 

In the topological sector with the magnetic flux m^ u , we choose an one-parameter 
family of the admissible U(l) gauge fields as 

U\x,fi) = e itA ^ x) x V [m] (x,fi), 0<t<l. (8.1) 

Let T]^(x) be a real periodic vector field as a variational parameter. Then we consider the 
following linear functional on the finite lattice [30, 34]: 



£ v = i J dt Ti L { P L [dth , 5 V P L ] } 



- / dt y~] ^rj fl (x)k tJ ,(x) + A IM (x)5 r ,k ti (x)\ , 



o 



zer 4 



where k^x) is a gauge-invariant local current, which transforms as an axial vector field 
under the lattice symmetries and which satisfies dfjc^x) = e a q a (x). Such a current can 
be constructed from the current k fl (x) in eq. ( |7.15| ) by averaging over the lattice symmetries, 
with the appropriate weights so at to project to the axial current component. This linear 
functional has the same form as £* in |]30tl , the measure term in the infinite volume. We 
can show that £ v defined by eq. (jS^ ) satisfies all the properties required for the measure 
term on the finite lattice. 

Lemma [8] The linear functional £ v = X^zer 4 V/j.(. x )Jij.{ x ) defined above has the following 
properties. 
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1. ju( x ) is a local current, which is defined for all admissible gauge fields and depends 
smoothly on the link variables. 

2. ju(x) is gauge-invariant and transforms as an axial vector current under the lattice 
symmetries. 

3. The linear functional £ v is a solution of the integrability condition 

6 V Z C - 5 C Z V = iTr L {Pl[S v Pl, S c P l ]} (8.3) 
for all periodic variations i]^(x) and Cfj.( x )- 

4. The anomalous conservation law d*j^(x) = ^ a e a q a (x) holds. 

The proof of the lemma goes just like the proof of the theorem 5.3 in (3(|] (section 6) and 
we omit it here. A non-trivial point is the smoothness with respect to the link variables. 
This is because the periodic vector potentials A^(x) do not cover smoothly the space of 
the admissible gauge fields and at the singular points, the vector potentials can differ by 
the gauge functions u)(x) that are bounded polynomially in the lattice size L. However, 
£„ is invariant under gauge transformations A^(x) — > A fl (x) + dnUj(x), for arbitrary gauge 
functions uj(x) that are bounded polynomially in the lattice size L. Then it can be regarded 
as a smooth function of the link variables. 

The global integrability condition can be also established following the proof of the 
theorem 5.1 in |30| (section 10). Therefore the linear functional £ v = J2xer i 7 ln( x )jv( x ) 
defined above provides a solution to the measure term on the finite lattice. 
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A. The bound on ||gr|| 



In this appendix, we give a proof of the bound eq. ( |4.25| ). For simplicity, we set xq = 0. 
We prove the bound by induction. For n = 1, the 0-form g vanishes identically and the 
bound is satisfied trivially. The 1-form g is given by 



Vl =-L/2 



L/2-1 

f(y)dx 1 ( Xl >0) 



yi=xi+l 



(A.l) 



f(y) dxi 

y yi=-L/2 



(Xl < 0) 
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Then, using \ f(x)\ < ||/||p, e (l + ||x|| p )e W x WlQ, we can estimate the absolute value of the 
coefficient of g as 



bi(*)l < 4 



L/2-1 

p,s E (l + lly|l P )e- W/e (xi>0) 

y 1=xi + l 

\p, b E (l + \\y\\ p h~ W/B (xi<0) 

yi=-L/2 



< \\f\\p, B E + 



fc=||x| 



< ll/lk,C p ,p(l + Nne 



p^i p-MI/e 



(A.2) 



where C 



p.p 



sr^p r d l 1 
1^1=0 p^l'l 



bound on the norm of 5 as 



£=-l/e 



which is independent of L. Thus we have the 



\p,g — Cp,g \\j \\p.o- 



(A.3) 



Next we assume the bound eq. (A.3) holds true for n — 1-dimensions (n > 1) and 
consider the case of n-dimensions. For the closed k + 1-form / = udx n + v, the /c-form g 
is given by the formula 



g (x) = S Xn7 o g(x) + h(x) + e(x) dx r 



(A.4) 



where g is obtained as 



L/2-1 

v = d*g + Av; v(x) = E v (v)> 

y n =-L/2 



(A.5) 



h is defined by 



h(x) = (-l) k E Ml/) - ^,0 U> dx n = < 
y„=-L/2 



and e is obtained as 



L/2-1 

-l) fe+1 E V (v) dx n (^n>0) 



X n 



(-l) k E (Xn<0) 
y n =-L/2 



(A.6) 



t(x) = (f e(x) + Ait(x); = u(x)\ Xn=L/2 -i- 



(A.7) 



Then the norm of g is bounded by the sum of the norms of g, h and e and therefore we 
need to evaluate these three norms. 
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The absolute value of the coefficient of h can be estimated in just the same manner as 
the case of g for n = 1: 



\h 



Ml-Mfe+ 



L/2-1 

P>8 E ( 1 + 



| y ||P) e -IMI/e 



(x n > 0) 



< 



< 



p.o 



P , s E (i + \\y\\ p )e~ M/e (^<0) 

y n =-L/2 
oo 

(l + feP)e-*/ fi 

fc=||a;|| 

C PjP (l + ||xf)e-ll x ll/ ff . 



Thus we have the bound on the norm of h as 



< n 

p,e — ^p,q \\j \\p,q- 



(Ai 



(A.9) 



As to the absolute value of v, we have an estimate, 

oo 

< ll/IU« E a + \\y\\ p )e- M/e 



y n =—oo 



< \\f\\ P , e 2C p , e (l + \\x\\r)e 



(A.10) 



which implies the bound < 2C P)£ ,||/|| Pj£ ,. Then, by the induction hypothesis, we have 
the bound on the norm of g as 

lldll < D p Jf\\ PtB (A.ll) 



for a constant D PtS independent of L. As to u, its norm is bounded by the norm of /, and 
by the induction hypothesis, we have the bound on the norm of e 



lell < E. 



P;Q\\J \\P,Q 



(A.12) 



for a constant E p ^ e independent of L. Combining these three bounds, we finally obtain the 
bound on the norm of g, 

\\g\\p,g < C P:S \\f\\ Pt Q, (A. 13) 

where C PjS = C p ^ e + D PtQ + E PtQ is a constant which may depend on p and g, but not on 
the lattice size L. This completes the proof. 



B. Relation between g and 

We consider a closed form / which is a local composite field of the gauge field in the sense 
specified in sec. |3] with a reference point xq. From its locality property, the norm of / is 
bounded by a constant C\ independent of L for the fixed xo, p and p, 

||/IUo,p,p < Ci- (B.l) 
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Then lemma ||a asserts that there exist two forms g and Af which satisfies 

f(x) = d*g(x) + Af(x), (B.2) 

< C 2 , \Af^ k (x)\ < C 3 LPe~ L ^. (B.3) 

On the other hand, / can be expressed as 

f(x) = f O0 (x) + Af oo {x), (B.4) 

where /oo is a local form defined in the infinite lattice which satisfies 

|/ Ml ... Mfc oc(x)| < c x (l + H* - xo|| p ) e-"*-^, (B.5) 

and A/oo is a finite volume correction which satisfies the bound 

|A/ m ...^oo(x)| <c 2 LPe- L /e. (B.6) 

If /oo is also a closed form, 

d*foc(x) = 0, (B.7) 
then the original Poincare lemma |29] asserts that there exists a form goo such that 



/«,(*) =d* goo (x). (B.8) 

Then the question we address in this appendix is the relation between g and g^ restricted 
with the periodic gauge fields. We can show that the difference between these two forms 
is a finite- volume correction which is suppressed exponentially in L. Namely, we have 

Lemma [B] 

g{x) = goo(x) + Ag(x) (x G T n[xo] ) (B.9) 
\Ag(x)\ < c 3 L p e~ L / 2p . (B.10) 

Proof: The proof of ||b holds true even if the lattice size is taken to be infinity 
L — > oo, because of the locality property of the class of forms / in consideration, and it 
actually reduces in this limit to the proof of the original Poincare lemma in [p9|| . Then the 
constructed g simply reduces to g^. Therefore, it suffices to compare these two solutions 
at a finite L and in the limit L — > oo in each step of the induction of the proof of the 
lemma. 

For the case n = 1, 0-form / can be expressed as an exterior differential of g which is 
defined by 

a(x) = Yl f(y) dx ^ ( Rn ) 

yi=xai~L/2 
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But we can rewrite it as 



XI 



g(x)= E (fociv) + &foo(y)) d Xl 

yi=x 0l -L/2 

xq x -L/2-1 xi 

= 9oo(x) - ^2 foo(y) dxi + ^2 A/oo(y) dxi 

2/l=-oo yi =x 01 -L/2 

= 9oo (x) + Ag(x), (B.12) 

where |Agi(x)| < K,L p e^ L ^ 2e . The bound on Ag follows from the locality property of /oo 
and A/oq. When / is 1-form, g = g^ = 0. Thus the statement is proved for n = 1. 

We next consider the case n > 1. In this case, for a closed form / = udx n + v, g is 
constructed from -u and two closed forms in n — 1 dimensions defined by 

L/2-1 

v(x)= V (v)' ■ ■ ■ > x n-l,yn), 

y n =-L/2 

u(x) = u(x)\ Xn=xan+L / 2 - 1 . (B.13) 
v and u lead to the forms g and e, respectively, as 

v = d*g + Av, 

u = d*e + Au. (B.14) 

Then g is given by 

g{x) = $x n ,x 0n g(x) + h(x) + e(x) dx n , (B.15) 

where 

h(x) = (-l) k J2 WV) - 5 v n ,^}dx n . (B.16) 

y n =xon-L/2 

Since it holds true that 

L/2-1 

v{x) = { v oo(y) + A VoD (y)} 

y n =-L/2 

-L/2-1 oo L/2-1 

= v^x) - ^ Voo(y) - ^ ^oo(y) + ^ Avcoty), 

y n =-oo y n =L/2 y n =-L/2 

u(x) = {uoo(x) + Au oo (a;)}| a . n=:i . 0ti+£/2 _ 1 , (B.17) 



we have 



v{x) = v^x) + Av(x); |Au M ..., 4fc (a;)| < Kl L p e^ L ^, 

u{x) = Uoo{x) + Au(x); u oo (x) = 0, \Au fll ... llk _ 1 {x)\ < K 2 L p e- L/2e . (B.18) 
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Then, by the induction hypothesis, we can infer that 

g(x) = goo(x) + Ag(x) ; \Ag fll ..^ k+1 (x)\ < ^IPeT L l^, 

e{x) = Bcoix) + Ae(x); e^x) = 0, |Ae w ...^(x)| < K ' 2 L p e - L/2s . (B.19) 



Also we have 

h(x) = {-l) k ^ { V oo(y) - <V,xon^oo}efen 
y n =xo„—L/2 

+ Y { Av oo(y) - 3yn ,X0n Av OO } dx n 

y n =xo„-L/2 

xon—L/2-1 

= h^x) - (-l) fc Y i v oo{y) - Sy n ,x 0n Voo}dXn 
y n =-oo 

+(-i) fc Y { Av oo(y) - &y n ,xon Avqq }dx n 

y n =xo„—L/2 

= hoofx) + Ah(x) ; \Ah^ k+1 {x)\ < K 3 L p e~ L / 2s . (B.20) 

Then we can infer 

g(x) = 9oo (x) + Ag(x), (B.21) 

where 

Ag(x) = 6 Xn , XOn Ag{x) + Ah(x) + Ae(x) dx n ; \Ag^ k+1 (x)\ < k^U^I 2 ?. (B.22) 
This result gives the proof of our statement. 

C. A proof of the bounds on q[ m ](x), 0[ TO ] MI/ (cc) and -y[ m , w ] 



The first bound follows from the result eqs. ( |6.72 ) and ( |6.73j ), which is obtained through 



the cohomological analysis in the infinite lattice: for U(x,n) = V[ m ](x,/x), we have 
Q[ m ](x) = qoc(x)\u=v [m] + Aq(x)\ u= v [m] 

) 

. . - /,,/ J ^//// ^ ' OCT 



27rm^ (2ir) 2 m liv m f , 



+d;{k^ 0O (x)\ u=V[m] +Ak llO0 (x)\ u=V[m] }. (C.l) 

In the second expression, the gauge-invariant local current k^ too (x)\ij = v [m } should depend 
on the gauge field through its field tensor which is now constant for Vj m ](x,/i). Then by 
the translational invariance the current should not depend on the site x and its divergence 
vanishes identically. Then the bound follows immediately. 

In order to show the second bound, we first recall that 4>^ u (x) is calculated form the 
current j^(x,y) which is obtained by the first-derivative of the topological field q{x) with 
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respect to the vector potential A^{x). This current is evaluated for Vr m i(x,/i) as 



ju(x,y)\ v , m] = I dt 



A=0 



o \dA u (y)J A ^ tA 
dqoo(x)\ ( dAq^x) 



dA v {y)J i=0 V dA v {y) J A=Q 



- t ez 4 



(C.2) 



where in the third line we have used eq. ( |6.67 ) and in the last line we have taken into 
account that A fl (x) is a periodic field in the infinite lattice. An(x) is the vector potential 
introduced in [p^j. 

The term with n = in the first term of the r.h.s., 



dA u (y) 



(x,yeZ 4 ), (C.3) 



is now defined on the infinite lattice. This term is related to the corresponding current 
jfioo(x, y) in the infinite lattice which appears in the original cohomological analysis through 
the parameter integral, 

=H&$)^- <a4) 

From this current, the tensor field 4>)j,uoo(x,y) descends as 

juoo(x,y) = UflOD (x,y)d*, - ^2 9fj, uoo (z,x) = (j)^oo{x), (C.5) 

and it is evaluated further as 

(x) + d* x t x ^ oc (x). (C.6) 

But we note here that in the above analysis we might have applied the Poincare lemma 
before doing the parameter integral. Namely, we have 

( aA°(y) ) = ^00(2:, ^ ^^oo{z,x) = <t)^oo(x) (C.7) 

and 

<Pfiuoo(x) = + le^vpaFpvix) + dli\p VOO (x). (C.8) 

Since the parameter integral of this expression should reproduce the above result eq. ( |C.6[ ), 

j3p V , 7 and i\p jUOO (x) are related to (5p U , 7 and t\^ oa (x), respectively as follows: 



$Hv=Pnv, 2^ = 7 ' dttx ^( x )\A^tA = t ^( X )- ( C - 9 ) 
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The tensor field (ft^ix) on the finite lattice, on the other hand, is obtained from 
9fj, v (x,y) as in eqs. ( 6.16| ), ( |6.19| ) and ( 6,20 ). The difference between the solutions of these 



two lemma is, as shown in the appendix ||, an exponentially small correction and therefore 
we can infer 



,(x,y)\ V[m] =e^ 00 (x,y)\v lm] +A9^(x,y), \Ae^(x : y)\ < qi^e^^. (CIO) 
This immediately implies 

4>[m}nv{ x ) = 4>nuoo(x)\ V[m] + A^ u (x)\ V[m] , \A^ u (x)\ < c 2 L^e- L / 2 P, (C.ll) 
while (pu^ooix) evaluates for Vj m ](x,//) as 



271" 777, 



because the gauge-invariant tensor field t\ puoo (x) is a constant for this case. This proves 
the second bound. 

As to the third bound, we first recall the fact that the dependence of j\ mjW ] on the 
gauge potential A^(x) is almost excluded except the dependence on the Wilson line w p . 
This dependence on A^x) (or w p ) is in fact exponentially small. One way to see this 
is to repeat the cohomological analysis for e paT \ J[ mtW ] (x) = (1/2) ^2 z& r 4 UJ p^rx(z,x) which 
satisfies d*e par \ j[ mjW ] (x) = 0, regarding it as a tensor field of rank four, just like for (^^(x). 
Then we obtain an expression similar to eq. ( 6.59| ). But in this case the tensor fields which 



correspond to £ and AH in eq. ( |6.59| ) should be antisymmetric tensors of rank six and 
should vanish identically in four dimensions. Therefore we have 

WA7[m,»] = Vrt7[m,t«] U=o + Yl ^ pur\^{x ,y)A fjL (y) , \Aj parXfl (x,y)\ < c 3 L a3 e~ L/2p 

(C.13) 

and the difference "f\ m}W ] — 7[m,w]\A=o * s m deed exponentially small. 

We next recall that J[ m>v] ] is calculated form the current j pU p(x,y) which is obtained 
by the first-derivative of the tensor field 4> pv {x) with respect to the vector potential A^x). 
This current is evaluated for V^^x,^) as 



( d<f>fj, u (x) \ 



dA p (y) 



A-^tA A=0 

(C.14) 



A=0 



The tensor field (d(j) PiU (x) /dA p (y)) ^ =0 in turn is calculated from the derivative of j p (x,z) 
with respect to the vector potential, that is the second derivative of the topological field 
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Z(z): 

/ djn(x,z)\ f l ^ ( d 2 q{x) 



dtt 



d Mv) J A=0 Jo \dA p {y)dA p (z) J A ^ A 
1 / d 2 q(x) \ 



A=o 



2 \dA p (y)dA^z) 



El 



A=0 

d 2 q 00 {x) \ If d 2 A qoo (x) 



m , n&i 2 y d My + ™L)dA,(z + nL)J u=V[m] 2 \ d A p (y)dA,(z) J A=Q ' 

(x,y,zGT 4 ). (C.15) 

The term with m = n = in the r.h.s. of eq. (|C.15| ) 

(dA^dll(z)) (C - 16) 

is again defined in the infinite lattice. It is first related to the differentiation of current 
jfioo(x,y) with respect to the vector potential, by the parameter integral: 

dj im (?,z)\_ f^tJ aVQc) ^ . (c . 17) 



dA p (y) J J \dA p (y)dA p (z)J A _^ tA 

From this current, (d4> puoo (x) j dA p {y)) is then obtained by the applications of the Poincare 
and this in turn is related to the current jpupoo{ x )V) i n the infinite lattice as 

*- ( ^HwL/ (ai8) 

jfiupoo(x,y) is evaluated by the cohomological analysis in the infinite lattice as 

3pvpco(x,y) = £,pvp<TOc{ x iy)dai (C.19) 
^pvpaoo \ x i y) — 2 / y £p;upa&x ,y—p,—L> d x K\ p ii pcroo (x,y) + @ pvporoo [X j y)d T . (C.20) 

But we note again that the same cohomological analysis may be applied to the current 
j pupoo (x, y) which is obtained starting from eq. ( |C.16| ), but without the parameter integrals. 
The result reads 

fpupoo(. x >y) = £.'pupaoo( x iy)dcn (C-21) 

£>'pvpaoo( x iy) = 2j e pupa 5 Xt y- p -u + d^K' Xpupa!X (x,y) + 9' pupaTOO (x,y)d*, (C.22) 
where 7', k' and 6' are related to their counterparts, 7, k and 9, as 

7' f ds [ dtt = ^ 1 ' = 1 , (C.23) 







ds j dtt k' x {x,y)\ A ->stA = Kxpvpaoo{x,y), (C.24) 
Jo 

1 r\ 

ds I dtt 6 llup(7TOO (x,y)\ A ^ stA = 9 pvpaTOD (x,y). (C.25) 
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On the other hand, in obtaining 7[ m . U) ]| j 4 =0 from eqs. ( C.14 ) and (|C.15[) , by the repeat 



applications of the Poincare lemma, we may consider to apply the original Poincare lemma 
in the infinite lattice to the term with m = n = in the r.h.s. of eq. ( C.15| ), which is defined 



in the infinite lattice, and also to its descendants. The difference between the solutions of 
these two lemma is, as shown in the appendix ^, an exponentially small correction and 
then we can infer 

1 

2 



l[mM U=o = oi + At; I A 7 | < c,L^e~ L ^. (C.26) 



Taking into account that 7' = 27, we obtain the third bound. 
References 

P. H. Ginsparg and K. G. Wilson, Phys. Rev. D 25, 2649 (1982). 

H. Neuberger, Phys. Lett. B 417, 141 (1998) [arXiv:hep-lat/9707022]. 

P. Hasenfratz, V. Laliena and F. Niedermayer, Phys. Lett. B 427, 125 (1998) 
[arXiv:hep-lat/9801021]. 

H. Neuberger, Phys. Lett. B 427, 353 (1998) [arXiv:hep-lat/9801031]. 

P. Hasenfratz, Nucl. Phys. B 525, 401 (1998) [arXiv:hep-lat/9802007]. 

P. Hernandez, K. Jansen and M. Liischer, Nucl. Phys. B 552, 363 (1999) 
[arXiv:hep-lat /9808010] . 

R. Narayanan and H. Neuberger, Phys. Lett. B 302, 62 (1993) [arXiv:hep-lat/9212019]. 

R. Narayanan and H. Neuberger, Nucl. Phys. B 412, 574 (1994) [arXiv:hep-lat/9307006]. 

R. Narayanan and H. Neuberger, Phys. Rev. Lett. 71, 3251 (1993) [arXiv:hep-lat/9308011]. 

R. Narayanan and H. Neuberger, Nucl. Phys. B 443, 305 (1995) [arXiv:hep-th/9411108]. 

R. Narayanan, Nucl. Phys. Proc. Suppl. 34, 95 (1994) [arXiv:hcp-lat/9311014]. 

H. Neuberger, Nucl. Phys. Proc. Suppl. 83, 67 (2000) [arXiv:hep-lat/9909042]. 

R. Narayanan and H. Neuberger, Nucl. Phys. B 477, 521 (1996) [arXiv:hep-th/9603204]. 

P. Y. Huet, R. Narayanan and H. Neuberger, Phys. Lett. B 380, 291 (1996) 
[arXiv:hep-th/9602176]. 

R. Narayanan and J. Nishimura, Nucl. Phys. B 508, 371 (1997) [arXiv:hep-th/9703109]. 

Y. Kikukawa and H. Neuberger, Nucl. Phys. B 513, 735 (1998) [arXiv:hep-lat/9707016]. 

R. Narayanan and H. Neuberger, Phys. Lett. B 393, 360 (1997) [Phys. Lett. B 402, 320 
(1997)] [arXiv:hep-lat/9609031]. 

Y. Kikukawa, R. Narayanan and H. Neuberger, Phys. Lett. B 399, 105 (1997) 
[arXiv:hep-th/9701007]. 

Y. Kikukawa, R. Narayanan and H. Neuberger, Phys. Rev. D 57, 1233 (1998) 
[arXiv:hep-lat /9705006] . 

D. B. Kaplan, Phys. Lett. B 288, 342 (1992) [arXiv:hep-lat/9206013]. 



-34- 



[21] Y. Shamir, Nucl. Phys. B 406, 90 (1993) [arXiv:hep-lat/9303005]. 

[22] V. Furman and Y. Shamir, Nucl. Phys. B 439, 54 (1995) [arXiv:hcp-lat/9405004]. 

[23] T. Blum and A. Soni, Phys. Rev. D 56, 174 (1997) [arXiv:hep-lat/9611030]. 

[24] T. Blum and A. Soni, Phys. Rev. Lett. 79, 3595 (1997) [arXiv:hcp-lat/9706023]. 

[25] P. M. Vranas, Phys. Rev. D 57, 1415 (1998) [arXiv:hcp-lat/9705023]. 

[26] H. Neuberger, Phys. Rev. D 57, 5417 (1998) [arXiv:hep-lat/9710089]. 

[27] Y. Kikukawa and T. Noguchi, arXiv:hep-lat/9902022. 

[28] M. Liischer, Phys. Lett. B 428, 342 (1998) [arXiv:hcp-lat/9802011]. 

[29] M. Liischer, Nucl. Phys. B 538, 515 (1999) [arXiv:hcp-lat/9808021]. 

[30] M. Liischer, Nucl. Phys. B 549, 295 (1999) [arXiv:hep-lat/9811032]. 

[31] M. Liischer, Nucl. Phys. B 568, 162 (2000) [arXiv:hep-lat/9904009]. 

[32] M. Liischer, Nucl. Phys. Proc. Suppl. 83, 34 (2000) [arXiv:hep-lat/9909150]. 

[33] M. Liischer, arXiv:hcp-th/0102028. 

[34] H. Suzuki, Prog. Thcor. Phys. 101, 1147 (1999) [arXiv:hcp-lat/9901012]. 

[35] H. Neuberger, Phys. Rev. D 63, 014503 (2001) [arXiv:hcp-lat/0002032]. 

[36] T. Fujiwara, H. Suzuki and K. Wu, Nucl. Phys. B 569, 643 (2000) [arXiv:hep-lat/9906015]. 

[37] T. Fujiwara, H. Suzuki and K. Wu, Phys. Lett. B 463, 63 (1999) [arXiv:hep-lat/9906016]. 

[38] Y. Kikukawa and A. Yamada, Phys. Lett. B 448, 265 (1999) [arXiv:hcp-lat/9806013]. 

[39] K. Fujikawa, Nucl. Phys. B 546, 480 (1999) [arXiv:hep-th/9811235]. 

[40] D. H. Adams, Annals Phys. 296, 131 (2002) [arXiv:hep-lat/9812003]. 

[41] H. Suzuki, Prog. Theor. Phys. 102, 141 (1999) [arXiv:hep-th/9812019]. 

[42] T. W. Chiu, Phys. Lett. B 445, 371 (1999) [arXiv:hep-lat/9809013]. 

[43] H. Neuberger, Phys. Rev. D 61, 085015 (2000) [arXiv:hep-lat/9911004]. 

[44] L. Alvarez-Gaume and P. H. Ginsparg, Nucl. Phys. B 243, 449 (1984). 

[45] D. H. Adams, Nucl. Phys. B 589, 633 (2000) [arXiv:hcp-lat/0004015]. 

[46] H. Suzuki, Nucl. Phys. B 585, 471 (2000) [arXiv:hcp-lat/0002009]. 

[47] H. Igarashi, K. Okuyama and H. Suzuki, arXiv:hep-lat/0012018. 

[48] M. Liischer, JHEP 0006, 028 (2000) [arXiv:hcp-lat/0006014]. 

[49] Y. Kikukawa and Y. Nakayama, Nucl. Phys. B 597, 519 (2001) [arXiv:hcp-lat/0005015]. 

[50] Y. Kikukawa, Phys. Rev. D 65, 074504 (2002) [arXiv:hep-lat/0105032]. 

[51] T. Aoyama and Y. Kikukawa, arXiv:hep-lat/9905003. 

[52] H. Igarashi, K. Okuyama and H. Suzuki, Nucl. Phys. B 644, 383 (2002) 
[arXiv:hep-lat /0206003] . 

[53] I. Horvath, Phys. Rev. Lett. 81, 4063 (1998) [arXiv:hep-lat/9808002]. 

[54] I. Horvath, Phys. Rev. D 60, 034510 (1999) [arXiv:hep-lat/9901014]. 

[55] T. Fujiwara, H. Suzuki and K. Wu, Prog. Theor. Phys. 105, 789 (2001) 
[arXiv:hep-lat /0001029] . 



- 35 - 



